
Ïàöàíñêèå ÑËÓÏû 2020

Àâòîðû äîêóìåíòà: ×åðêàñîâ Âëàäèñëàâ, Àõìåòîâ Àðò¼ì, Ïåòðóñîâà

Åêàòåðèíà, Ãíóñàð¼â Ñåðãåé. Îòäåëüíàÿ áëàãîäàðíîñòü Òèìå Ãðèí¼âó çà

çàìå÷àíèÿ è ïîìîùü.

Çàäà÷à �1

Äëÿ ñëó÷àéíîãî ïðîöåññà ñ íåçàâèñèìûìè è îäíîðîäíûìè ïî âðåìåíè ïðèðàùåíèÿìè âû-
÷èñëèòü ìàòåìàòè÷åñêîå îæèäàíèå, äèñïåðñèþ è êîððåëÿöèîííóþ ôóíêöèþ.

Ðåøåíèå:

1. Ïî îïðåäåëåíèþ ïðîöåññà ñ îäíîðîäíûìè ïðèðàùåíèÿìè ìîæåì ñ÷èòàòü, ÷òî X(0)
ï. í.

= 0,

ñëåäîâàòåëüíî, X(t) � ïðîöåññ Ëåâè. Òîãäà äëÿ h > 0:

EX(t+ h)− EX(t) = E[X(t+ h)−X(t)] = E[X(h)−X(0)] = EX(h)⇒

⇒ EX(t) + EX(h) = EX(t+ h),∀t ≥ 0, h > 0

Ïîëó÷èëè ôóíêöèîíàëüíîå óðàâíåíèå Êîøè, èìåþùåå åäèíñòâåííîå (íîðìàëüíîå) ðåøåíèå
EX(t) = c · t. Òîãäà ïðè t = 1:

EX(1) = c⇒ EX(t) = t · EX(1);

2. Òàê êàê ðàññìàòðèâàåìûé ïðîöåññ ÿâëÿåòñÿ ïðîöåññîì ñ íåçàâèñèìûìè ïðèðàùåíèÿìè,
òî X(t), X(t+ h)−X(t) � íåçàâèñèìûå âåëè÷èíû, à çíà÷èò:

DX(t+ h) = D[X(t) +X(t+ h)−X(t)] = DX(t) + D[X(t+ h)−X(t)] = DX(t) + DX(h)⇒

⇒ DX(t) + DX(h) = DX(t+ h)

Ñíîâà ïîëó÷èëè óðàâíåíèå Êîøè, èìåþùåå ðåøåíèå DX(t) = c̃ · t. Ïðè t = 1 èìååì:

DX(1) = c̃⇒ DX(t) = t · DX(1);

3. K(t, s) = cov(X(t), X(s)) = E[X(t)X(s)]− EX(t) · EX(s) = {íå îãðàíè÷èâàÿ îáùíîñòè,

ñ÷èòàåì t > s} = cov(X(t)−X(s), X(s)) + cov(X(s), X(s)) = 0 + DX(s)

Â ñëó÷àå t < s àíàëîãè÷íûì îáðàçîì ïîëó÷èì K(t, s) = DX(t). Òàêèì îáðàçîì, K(t, s) =
DX[min(t, s)] = DX(1) ·min(t, s).

Çàäà÷à �2

Ñëó÷àéíûé ïðîöåññ ξ(t) = A · cos(ωt + φ), ãäå ω � íåñëó÷àéíàÿ êîíñòàíòà, A è φ íåçà-
âèñèìû, E(A) = m, D(A) = σ2, φ � ðàâíîìåðíî ðàñïðåäåëåíà íà îòðåçêå [0, 2π]. âû÷èñëèòü
ìàòåìàòè÷åñêîå îæèäàíèå, äèñïåðñèþ è êîððåëÿöèîííóþ ôóíêöèþ äëÿ ξ(t). Äîêàçàòü, ÷òî
ýòî ñòàöèîíàðíûé â øèðîêîì ñìûñëå ñëó÷àéíûé ïðîöåññ.

Ðåøåíèå:

Â ñèëó íåçàâèñèìîñòè A è φ ïîëó÷àåì

E(ξ(t)) = E(A)E(cos(ωt+ φ)) = m

∫ 2π

0

cos(ωt+ y)
1

2π
dy = 0
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Äàëåå

cov(ξ(t), ξ(s)) = E(A · cos(ωt+ φ) ·A · cos(ωs+ φ)) = E(A2) · E(cos(ωt+ φ) · cos(ωs+ φ)) =

= {cosα ·cosβ =
1

2
·(cos(α−β)+cos(α+β))} = (σ2+m2)· 1

2
·E(cos(ω(t−s))+cos(ω(t+s)+2φ)) =

=
1

2
(σ2 +m2) · (cos(ω(t− s)))

Îòñþäà

D(ξ(t)) =
1

2
· (σ2 +m2)

Òàêèì îáðàçîì, ìàòåìàòè÷åñêîå îæèäàíèå ïðîöåññà íå ìåíÿåòñÿ ñî âðåìåíåì, à êîâàðèàöèîí-

íàÿ ôóíêöèÿ çàâèñèò îò ðàçíîñòè àðãóìåíòîâ, ò.å. ìû èìååì ñòàöèîíàðíûé â øèðîêîì ñìûñëå
ñëó÷àéíûé ïðîöåññ.

Çàäà÷à �3

Ïóñòü W (t) � ñòàíäàðòíûé âèíåðîâñêèé ïðîöåññ. Äîêàçàòü, ÷òî îí íåïðåðûâåí â ñðåäíåì
êâàäðàòè÷åñêîì, íî íå ÿâëÿåòñÿ äèôôåðåíöèðóåìûì â ñðåäíåì êâàäðàòè÷åñêîì.

Ðåøåíèå:

a(t) = E(W (t)) ≡ 0

K(t, s) = σ2min(t, s), ïîýòîìó

1) K(t, s) íåïðåðûâíà â òî÷êå (t0, t0)⇒W (t) íåïðåðûâíà â ñðåäíåì êâàäðàòè÷åñêîì

2)
∂2K(t, s)

∂t∂s
@ (äîñòàòî÷íî ðàññìîòðåòü îäíîñòîðîííèå ïðîèçâîäíûå ïî ïåðåìåííîé t â

òî÷êå (t, t), îíè áóäóò ðàâíû 0 è 1, ÷òî ãîâîðèò îá îòñóòñòâèè ïåðâîé ïðîèçâîäíîé, à, ñëåäî-
âàòåëüíî, è âòîðîé), ïîýòîìóW (t) íå ÿâëÿåòñÿ äèôôåðåíöèðóåìûì â ñðåäíåì êâàäðàòè÷åñêîì

Çàäà÷à �4

ξ(t) � ïóàññîíîâñêèé ïðîöåññ, η(t) =
∫ t
0
ξ(s)ds. Âû÷èñëèòü ìàòåìàòè÷åñêîå îæèäàíèå, äèñ-

ïåðñèþ è êîððåëÿöèîííóþ ôóíêöèþ äëÿ η(t).

Ðåøåíèå:

Ïóàññîíîâñêèé ïðîöåññ {ξ(t), t ≥ 0} íåïðåðûâåí â ñðåäíåì êâàäðàòè÷åñêîì. Äåéñòâèòåëüíî,

E|ξ(t+ s)− ξ(t)|2 = E|ξ(s)|2 = λ2s2 + λs→ 0, s→ 0

Òîãäà äëÿ âû÷èñëåíèÿ óêàçàííûõ âåëè÷èí âîñïîëüçóåìñÿ ñâîéñòâàìè èíòåãðàëà Ðèìàíà
îò ñëó÷àéíûõ ïðîöåññîâ, à òàêæå ñâîéñòâàìè ïóàññîíîâñêîãî ïðîöåññà î åãî ìàòåìàòè÷åñêîì
îæèäàíèè è î çíà÷åíèè åãî êîâàðèàöèîííîé ôóíêöèè:

E(η(t)) =

∫ t

0

E(ξ(s))ds =

∫ t

0

λsds =
λt2

2
;
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cov(η(t), η(s)) =

∫ t

0

∫ s

0

K(u, v)dudv =

∫ t

0

∫ s

0

λmin(u, v)dudv =

=

∫ t

0

[∫ v

0

λmin(u, v)du+

∫ s

v

λmin(u, v)du

]
dv =

∫ t

0

[∫ v

0

λudu+

∫ s

v

λvdu

]
dv =

=

∫ t

0

[
λv2

2
+ λv(s− v)

]
dv =

∫ t

0

[
λvs− λv2

2

]
dv =

λst2

2
− λt3

6
=
λt2

6
(3s− t);

D(η(t)) = cov(η(t), η(t)) =
λt3

3

Çàäà÷à �5

Ïóñòü W (t) - ñòàíäàðòíûé âèíåðîâñêèé ïðîöåññ. ξ1 =
π∫
0

cost dW (t),

ξ2 =
π∫
0

sint dW (t). Íàéòè E(ξ1), E(ξ2), D(ξ1), D(ξ2), ñov(ξ1, ξ2).

Ðåøåíèå:

Ñòàíäàðòíûé âèíåðîâñêèé ïðîöåññ ïîðîæäàåò ñòàíäàðòíûé áåëûé øóì. Â ñèëó ñâîéñòâ ñòî-

õàñòè÷åñêîãî èíòåãðàëà äëÿ ïðîñòûõ ôóíêöèé:

1. E(ξ1) = E(ξ2) = 0;

2. D(ξ1) = E(ξ21) = E(

π∫
0

cost dW (t))2 =

π∫
0

cos2t dt =
π

2
;

D(ξ2) = E(ξ22) = E(

π∫
0

sint dW (t))2 =

π∫
0

sin2t dt =
π

2
;

3. cov(ξ1, ξ2) = E(ξ1 · ξ2) = E(

π∫
0

sint cost dW (t)) =

π∫
0

sint cost dt = 0.

Çàäà÷à �6

Êîððåëÿöèîííàÿ ôóíêöèÿ ñòàöèîíàðíîãî ïðîöåññà ðàâíà K(τ) = exp(−τ2). Íàéòè ñïåê-
òðàëüíóþ ïëîòíîñòü f(λ). Îáðàòíî, äàíà ñïåêòðàëüíàÿ ïëîòíîñòü f(λ) = exp(−|λ|), íàéòè
K(τ).

Ðåøåíèå:

Â ñèëó ôîðìóëû f(λ) = 1
2π

∫∞
−∞ exp(−iτλ)K(τ)dτ , λ ∈ R1

f(λ) =
1

2π

∫ ∞
−∞

exp(−iτλ)K(τ)dτ =

=
1

2π

∫ ∞
−∞

exp(−iτλ) exp(−τ2)dτ =

=
1√
2π

∫ ∞
−∞

exp(−i u√
2
λ) exp(

−u2

2
)

1

2
√
π
du =
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=
1

2
√
π
exp(−λ

2

4
)

Îáðàòíî, â ñèëó ôîðìóëû K(τ) =
∫∞
−∞ exp(iτλ)f(λ)dλ, τ ∈ R1

K(τ) =

∫ ∞
−∞

exp(iτλ) exp(−|λ|)dλ = 2 ·
∫ ∞
−∞

exp(iτλ) · 1

2
· exp(−|λ|)dλ =

2

1 + τ2

Çàäà÷à �7

Ïóñòü W (t) - ñòàíäàðòíûé âèíåðîâñêèé ïðîöåññ, h(τ) = exp(−τ), τ > 0, ξ(t) =
t∫
−∞

h(t −

s)W (s)ds. Âû÷èñëèòü ìàòåìàòè÷åñêîå îæèäàíèå, äèñïåðñèþ è êîððåëÿöèîííóþ ôóíêöèþ äëÿ

òàêîãî ïðîöåññà. Òî æå ñàìîå äëÿ ïðîöåññà η(t) =
t∫
−∞

h(t− s)dW (s).

Ðåøåíèå:

Çàìåòèì ñðàçó, ÷òî çíà÷åíèÿ îáîèõ èíòåãðàëîâ íå èçìåíÿòñÿ, åñëè âåðõíèé ïðåäåë âçÿòü

ðàâíûì áåñêîíå÷íîñòè. Âû÷èñëåíèå âñåõ ìîìåíòîâ îñíîâûâàåòñÿ íà ïðèâåä¼ííûõ íà ëåêöèÿõ
ñâîéñòâàõ èíòåãðàëà Ðèìàíà îò ñëó÷àéíîãî ïðîöåññà è ñòîõàñòè÷åñêîãî èíòåãðàëà. Â ñèëó
ðåçóëüòàòà çàäà÷è �3 âèíåðîâñêèé ïðîöåññ íåïðåðûâåí â ñðåäíåì êâàäðàòè÷åñêîì, ïîýòîìó
[t1 6 t2]

E(ξ(t)) =

+∞∫
−∞

E(h(t− s)W (s))ds = 0

cov(ξ(t1), ξ(t2)) = cov(

t1∫
−∞

h(t1 − s1)W (s1)ds1,

t2∫
−∞

h(t2 − s2)W (s2)ds2) =

= exp(−(t1 + t2))cov(

t1∫
−∞

exp(s1)W (s1)ds1,

t2∫
−∞

exp(s2)W (s2)ds2) =

= exp(−(t1 + t2))

t1∫
−∞

t2∫
−∞

exp(s1 + s2)KW (s1, s2)ds1ds2 =

= exp(−(t1 + t2))

t1∫
−∞

t2∫
−∞

exp(s1 + s2) min(s1, s2)ds1ds2 = t1 − 1− 1

2
et1−t2

D(ξ(t)) = t− 3

2

E(η(t)) = 0

cov(η(t1), η(t2)) =

+∞∫
−∞

h(t1 − s)h(t2 − s)ds =
1

2
et1−t2

D(η(t)) =
1

2
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Çàäà÷à �8

Ñëó÷àéíûé ïðîöåññ ξ(t) óäîâëåòâîðÿåò ñòîõàñòè÷åñêîìó äèôôåðåíöèàëüíîìó óðàâíåíèþ

dξ(t) = −ξ(t)dt+ dη(t), t ≥ 0.

Íàéòè îáùèé âèä ðåøåíèÿ ýòîãî óðàâíåíèÿ.

Ðåøåíèå:

Îáùåå ðåøåíèå óðàâíåíèÿ èìååò âèä:

ξ(t) = W (t, 0) · ξ(0) +

∫ t

0

W (t, s)dη(s),

ãäå W (t, s) åñòü ôóíäàìåíòàëüíîå ðåøåíèå:
d

dt
W (t, s) = −W (t, s), t > s;

W (s, s) = 1

Ðåøèì óðàâíåíèå äëÿ W (t, s):

dW (t, s)

dt
= −W (t, s)

dW (t, s)

W (t, s)
= −dt

ln [W (t, s)] = −t+ lnC

W (t, s) = Ce−t;

W (s, s) = Ce−s = 1⇒ C = es ⇒W (t, s) = es−t

Òîãäà îáùåå ðåøåíèå ñòîõàñòè÷åñêîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïðèìåò âèä:

ξ(t) = e−t · ξ(0) +

∫ t

0

es−tdη(s)

Çàäà÷à �9

Ñòàöèîíàðíûé ñëó÷àé ïðîöåññ ξ(t) èìååò ñïåêòðàëüíóþ ïëîñêîñòü f(λ) = exp(−|λ|). Äî-
êàçàòü, ÷òî ýòîò ïðîöåññ ÿâëÿåòñÿ äèôôåðåíöèðóåìûì â ñðåäíåì êâàäðàòè÷åñêîì è íàéòè
êîððåëÿöèîííóþ ôóíêöèþ äëÿ ïðîèçâîäíîé.

Ðåøåíèå:

Ñòàöèîíàðíûé ñëó÷àéíûé ïðîöåññ áóäåò äèôôåðåíöèðóåìûì â ñðåäíåì êâàäðàòè÷åñêîì ⇔

∞∫
−∞

λ2f(λ) dλ <∞
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∞∫
−∞

λ2f(λ) dλ =

∞∫
−∞

λ2exp(−|λ|) dλ = 2

∞∫
0

λ2exp(−|λ|) dλ = 2 · 2 = 4 <∞

Òåïåðü âîñïîëüçóåìñÿ ïðèâåä¼ííûì íà ëåêöèÿõ ñîîòíîøåíèåì, ñâÿçûâàþùèì ñïåêòðàëü-
íóþ ïëîòíîñòü ñòàöèîíàðíîãî ïðîöåññà è åãî ëèíåéíîãî ïðåîáðàçîâàíèÿ: f1(λ) = |φ(λ)|2f(λ),
ãäå φ(λ) � ñïåêòðàëüíàÿ õàðàêòåðèñòèêà ëèíåéíîãî ïðåîáðàçîâàíèÿ, êîòîðàÿ â äàííîì ñëó÷àå
ðàâíà iλ. Èòàê, f1(λ) = λ2e−|λ|. Èñêîìàÿ êîððåëÿöèîííàÿ ôóíêöèÿ ÿâëÿåòñÿ ïðåîáðàçîâàíèåì
Ôóðüå íàéäåííîé ñïåêòðàëüíîé ïëîòíîñòè. Òàêèì îáðàçîì êîððåëÿöèîííàÿ ôóíêöèÿ:

K(τ) =

∞∫
−∞

λ2e−|λ|eiτλ dλ =
4(1− 3τ2)

(1 + τ2)3

Çàäà÷à �10

Ñëó÷àéíûé ïðîöåññ ξ(t) èìååò ñðåäíåå E(ξ(t)) = a(t) = 0 è êîððåëÿöèîííóþ ôóíêöèþ
Kξ(t, s) = cos(t− s). Íàéòè êîððåëÿöèîííóþ ôóíêöèþ äëÿ ïðîöåññà η(t) = ξ(t) + ξ′(t).

Ðåøåíèå:

Kη(t, s) = cov(η(t), η(s)) = cov(ξ(t), ξ(s)) + cov(ξ′(t), ξ(s))+

+cov(ξ(t), ξ′(s)) + cov(ξ′(t), ξ′(s))

Ïîêàæåì, ÷òî ξ(t) íåïðåðûâíî äèôô. :

1) a(t) = 0 � íåïð. äèôô. ∀t
2) ∃d

2Kξ(t,s)
dtds = cos(t− s) � íåïð. â ò. (t0, t0)

⇒ ξ(t) � íåïð. äèôô.

⇒ {Ïî òåîðåìå}

cov(ξ′(t), ξ′(s)) =
d2Kξ(t, s)

dtds
= cos(t− s)

cov(ξ′(t), ξ(s)) =
dKξ(t, s)

dt
= sin(s− t)

cov(ξ(t), ξ′(s)) =
dKξ(t, s)

ds
= sin(t− s)

⇒ Kη(t, s) = 2 · cos(t− s)

Çàäà÷à �11

W (t), t > 0 - ñòàíäàðòíûé âèíåðîâñêèé ïðîöåññ. Îáðàçóåì ñëó÷àéíóþ ïîñëåäîâàòåëüíîñòü
ïî ïðàâèëó:

ξn = W (n)−W (n− 1), n > 1.

Äîêàçàòü, ÷òî ýòî ñòàöèîíàðíàÿ â øèðîêîì ñìûñëå ñëó÷àéíàÿ ïîñëåäîâàòåëüíîñòü.

Ðåøåíèå:

Èç îïðåäåëåíèÿ ñòàíäàðòíîãî âèíåðîâñêîãî ïðîöåññà ïîëó÷àåì, ÷òî
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1) ñ.â. ξn, n > 1, - íåçàâèñèìû,

2) ñ.â. ξn, n > 1, - èìåþò ñòàíäàðòíîå íîðìàëüíîå ðàñïðåäåëåíèå, ò.å. îäèíàêîâî ðàñïðåäå-
ëåíû.

Îòñþäà ïîëó÷àåì, ÷òî E(ξn) = 0. Äàëåå, äëÿ m = n:

cov(ξn, ξm) = D(ξn) = 1,

äëÿ m 6= n:
cov(ξn, ξm) = 0.

Òàêèì îáðàçîì, ìàòåìàòè÷åñêîå îæèäàíèå ïðîöåññà íå ìåíÿåòñÿ ñî âðåìåíåì, à êîâàðèà-
öèîííàÿ ôóíêöèÿ çàâèñèò îò ðàçíîñòè àðãóìåíòîâ, ò.å. ìû èìååì ñòàöèîíàðíûé â øèðîêîì
ñìûñëå ñëó÷àéíûé ïðîöåññ.

Çàäà÷à �12

Ñòàöèîíàðíàÿ ïîñëåäîâàòåëüíîñòü ξ(n) èìååò ñïåêòðàëüíóþ ïëîòíîñòü f(λ) = 10 +
6 cos(λ) = |3 + e−iλ|2. Ïî íàáëþäåíèÿì ξ(n), n ≤ 0, íàéòè îïòèìàëüíûé ëèíåéíûé ïðîãíîç
íà îäèí øàã âïåð¼ä.

Ðåøåíèå: 1. f1(λ) = 3 + e−iλ

2. h1f1(λ) = eiλ · (3 + e−iλ) = 3eiλ + 1

3. h1 ≡ 1, h2 ≡ 3eiλ

4. h1(λ) ≡ 1, f1(λ) = 3 + e−iλ

5. g(λ) =
0∑

n=−∞
cne

inλ

gf1 = 3c0 + (3c−1 + c0)e−iλ + . . . ≡ 1⇒

⇒


3c0 = 1

3c−1 + c0 = 0

3c−2 + c−1 = 0

. . .

⇒

⇒


c0 = 1

3

c−1 = − 1
32

c−2 = 1
33

. . .

Òàêèì îáðàçîì, ïîëó÷èì ïðîãíîç:

ξ̃ =

0∑
n=−∞

(−1)−n

31−n
ξn

Ïîä ñèìâîëîì∞, êîíå÷íî, íå ïîäðàçóìåâàåòñÿ áåñêîíå÷íîñòü, òàê êàê íà ïðàêòèêå ìîæåò
áûòü òîëüêî êîíå÷íîå ÷èñëî íàáëþäåíèé. Èìååòñÿ ââèäó äîñòàòî÷íî áîëüøîå ÷èñëî.
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Çàäà÷à �13

Íàéòè íàèëó÷øóþ ëèíåéíóþ îöåíêó äëÿ ñ.â. ν â ïðîñòðàíñòâå L = {a + bξ}, ãäå E(ξ) =
E(ν) = 0, D(ξ) = 1, cov(ξ, ν) = 1.

Ðåøåíèå:

Â ñîîòâåòñòâèå ñ ëåììîé î ïåðïåíäèêóëÿðå áóäåì èñêàòü ν̄ ∈ L, ÷òî

(ν − ν̄, ξ1) = 0, ∀ξ1 ∈ L

Ïóñòü ν̄ = ā+ b̄ξ, ξ1 = a+ bξ, òîãäà

(ν − ν̄, ξ1) = E((ν − ν̄) · ξ1) = E((ν − ā− b̄ξ) · (a+ bξ)) = E(νa+ bνξ − āa− ābξ − b̄aξ − b̄bξ2) =

= b− āa− b̄b

Ïîäñòàâëÿÿ âìåñòî (a, b) ïîî÷åð¼äíî (1, 0), (0, 1), ïîëó÷èì ñèñòåìó óðàâíåíèé:{
−ā = 0

1− b̄ = 0

Çíà÷èò ā = 0, b̄ = 1. Îòâåò ν = ξ.

Çàäà÷à �14

Äëÿ t ∈ [0, ln2] íàáëþäàåòñÿ ñëó÷àéíûé ïðîöåññ ñî ñòîõàñòè÷åñêèì äèôôåðåíöèàëîì
dξ(t) = (α1 exp(t) + α2 exp(2t)) + dη0(t). Âûïèñàòü âèä îïòèìàëüíûõ îöåíîê äëÿ α1 è α2.

Ðåøåíèå:

dξ(t) = θ(t)dt+ dη0(t)

θ(t) =
∑n
k=1 αkφk(t)

Äëÿ t ∈ [t1, t2], bjk =
∫ t2
t1
φj(t)φk(t)dt

B = (bjk), C = (cjk) = B−1

ck(t) =
∑n
j=1 ckjφj(t)⇒ φ1(t) = exp(t), φ2(t) = exp(2t)

t1 = 0, t2 = ln2

Òîãäà

b11 =
∫ ln2
0

exp(t) exp(t)dt = 3
2

b12 = b21 =
∫ ln2
0

exp(t) exp(2t)dt = 7
3

b22 =
∫ ln2
0

exp(2t) exp(2t)dt = 15
4

Òàêèì îáîàçîì,

B =

(
3/2 7/3
7/3 15/4

)
Íåòðóäíî âû÷èñëèòü, ÷òî

C = B−1 =
72

13

(
15/4 −7/3
−7/3 3/2

)
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È îêîí÷àòåëüíî íàõîäèì, ÷òî

c1(t) =
270

13
exp(t)− 168

13
exp(2t)

c2(t) = −168

13
exp(t) +

108

13
exp(2t)

⇓

α̂1 =

∫ ln2

0

(
270

13
exp(t)− 168

13
exp(2t))dt

α̂2 =

∫ ln2

0

(−168

13
exp(t) +

108

13
exp(2t))dξ(t)

Çàäà÷à �15

Ïðè äâèæåíèè ïî íåêîòîðîìó ëàáèðèíòó Âû â ïåðâûé ðàç ðàâíîâåðîÿòíî ñâîðà÷èâàåòå
ëèáî íàëåâî, ëèáî íàïðàâî. Äàëåå íà êàæäîé ðàçâèëêå Âû ñ âåðîÿòíîñòüþ 0.7 ñâîðà÷èâàåòå
òóäà æå, ÷òî è â ïðåäûäóùèé ðàç, à ñ âåðîÿòíîñòüþ 0.3 â ïðîòèâîïîëîæíóþ ñòîðîíó. Êàêîâà
âåðîÿòíîñòü òîãî, ÷òî âû ñâåðíåòå íàëåâî:
à) íà òðåòüåé ðàçâèëêå,
á) íà 1000-îé ðàçâèëêå?

Ðåøåíèå:

Ìû èìååì öåïü Ìàðêîâà ñ äâóìÿ ñîñòîÿíèÿìè, êîòîðûå îáîçíà÷èì 1 è 2. Ïî óñëîâèþ

íà÷àëüíîå ðàñïðåäåëåíèå ïðèïèñûâàåò êàæäîìó èç íèõ âåðîÿòíîñòè, ðàâíûå 1
2 . Äàëåå,

ìàòðèöà ïåðåõîäà çà îäèí øàã èìååò âèä:

P =

(
0.7 0.3
0.3 0.7

)
Ðàñïðåäåëåíèå öåïè íà òðåòüåé ðàçâèëêå, ò.å. ÷åðåç äâà øàãà èìååò âèä

P (2) = P (0) · P (2).

Âû÷èñëÿåì

P (2) =

(
0.7 0.3
0.3 0.7

)
·
(

0.7 0.3
0.3 0.7

)
=

(
0.58 0.42
0.42 0.58

)
.

Äàëåå

P
(2)
1 = P

(0)
1 · P11(2) + P

(0)
2 · P21(2) = 0.5 · 0.58 + 0.5 · 0.42 = 0.5.

Âòîðîé âîïðîñ îòíîñèòñÿ ê ïîèñêó ñòàöèîíàðíîãî ðàñïðåäåëåíèÿ. Äëÿ ýòîãî íàì íóæíî
ðåøèòü ñëåäóþùóþ ñèñòåìó óðàâíåíèé:

π1 = π1 · 0.7 + π2 · 0.3,

π2 = π1 · 0.3 + π2 · 0.7,

π1 + π2 = 1.
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Ðåøåíèåì ýòîé ñèñòåìû ÿâëÿåòñÿ π1 = π2 = 0.5.

Îòâåò:
à) 0.5
á) 0.5

Çàäà÷à �16

Ïóñòü öåïü Ìàðêîâà ñ íåïðåðûâíûì âðåìåíåì èìååò äâà ñîñòîÿíèÿ è ñëåäóþùóþ ìàòðèöó
èíòåíñèâíîñòåé ïåðåõîäà

A =

(
−1 1
2 −2

)
Èñïîëüçóÿ óðàâíåíèÿ Êîëìîãîðîâà, íàéòè âåðîÿòíîñòè ïåðåõîäà Pij(t), t ≥ 0.

Ðåøåíèå:

Ìû èìååì öåïü Ìàðêîâà ñ íåïðåðûâíûì âðåìåíåì è êîíå÷íûì ÷èñëîì ñîñòîÿíèé. Òàêàÿ öåïü

âñåãäà ðåãóëÿðíà. Äëÿ íå¼ ñïðàâåäëèâû êàê ïåðâàÿ, òàê è âòîðàÿ ñèñòåìû óðàâíåíèé Êîëìî-
ãîðîâà. Çàôèêñèðóåì êîíå÷íîå ñîñòîÿíèå j = 1 è ðàññìîòðèì îáðàòíóþ ñèñòåìó óðàâíåíèé
Êîëìîãîðîâà: 

dP11(t)

dt
= −1 · P11(t) + 1 · P21(t)

dP21(t)

dt
= 2 · P11(t)− 2 · P21(t)

è äîïîëíèì å¼ íà÷àëüíûìè óñëîâèÿìè:

P11(0) = 1, P21(0) = 0.

Çàìåòèì, ÷òî ââèäó ñâîéñòâà íåïðåðûâíîñòè ñïðàâà:

P12(0) = 0, P22(0) = 1.

Ýòî ëèíåéíàÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïîñòîÿííûìè êîýôôèöèåíòàìè. Â
ìàòðè÷íîì âèäå ýòî óðàâíåíèå èìååò âèä:

dP (t)

dt
= A · P (t).

Åãî ðåøåíèå ìîæíî çàïèñàòü â âèäå:

P (t) = eA·t · P (0) =

(
e−3t

3 + 2
3

1
3 −

e−3t

3
2
3 −

2e−3t

3
2e−3t

3 + 1
3 )

)
·
(

1 0
0 1

)
=

=

(
e−3t

3 + 2
3

1
3 −

e−3t

3
2
3 −

2e−3t

3
2e−3t

3 + 1
3 )

)

P.S. Óäà÷è íà çà÷¼òå!
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